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Abstract 

It is shown that the homogeneous and isotropic Universe is spatially flat 
in the limit which takes into account the moments of infinitely large orders of 
probabilistic distribution of a scale factor with respect to its mean value in the 
state with large quantum numbers. The quantum mechanism of fine tuning of 
the total energy density in the Universe to the critical value at the early stage 
of its evolution is proposed and the reason of possible small difference between 
these densities during the subsequent expansion is indicated. A comparison of 
the predictions of the quantum model with the real Universe is given. 
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1 Introduction 

Among the puzzles of the classical cosmology based on the equations of general 
relativity the flatness problem is one of the most important [H El [3]. The model 
of inflation [21 13] ensures a strict equality $7 = 1 within the framework of classical 
cosmology due to the hypothesis of the De Sitter (exponential) expansion of the 
early Universe. The standard ACDM model which includes the inflationary scenario 
solves one fine tuning (flatness) problem, but leads to a number of the new ones (the 
coincidence between the contributions from dark matter and dark energy to the total 
energy density, the smallness of the vacuum energy term and a requirement for fine 
tuning of it) [5]. 

Measurements of the anisotropy of the cosmic microwave background (CMB) 
make it possible to determine the total energy density and its components in 
our Universe. The available astrophysical data indicate clearly that the modern 
Universe is very close to be spatially flat P El El El [lOl E] . The results of the WMAP 
experiment together with the evidence from the 2dFGRS research and observations 
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of type la supernovae reveal a systematic small deviation of the total energy density 
of the Universe in the direction where it exceeds a little the critical value [lOj . The 
most accurate data on the spectra of the CMB fluctuations [12J were obtained in the 
WMAP experiment [HI [131 [HI- The position of the first acoustic peak measured 
in this experiment, which provides the evidence for spatial geometry, gives the total 
energy density equal to Q = l.OOSto;^}^ HI]- 

Since a fitting of the values of the free parameters is performed in multipara- 
metric space, then the possible range of these values is preassigned in the context 
of certain assumptions. In this meaning the interpretation of the WMAP data on 
the existence and contributions from separate components in the total energy den- 
sity Q is model-dependent and may be inadequate to real physical processes in the 
expanding Universe. Moreover, secondary effects, such as the Sunyaev-Zeldovich 
effect [TQ on the observed CMB anisotropy for galaxy clusters at redshift z < 1 
[3 [16] and foreground contamination of the CMB power spectrum from an early 
epoch of reionisation at 10 < z < 20 |17j . might be underestimated. The search for 
theoretical models which would provide the higher level of flexibility with respect 
to observational cosmology in comparison, e.g., with the standard ACDM approach 
is required. 

In the present paper a question about the spatial geometry of the Universe is 
analyzed on the basis of quantum cosmological model proposed in [181 (El [20l [21] . 
It has been demonstrated that the homogeneous and isotropic Universe is spatially 
flat in the limit which takes into account the moments of infinitely large orders 
of probabilistic distribution of a scale factor with respect to its mean value in the 
state with large quantum numbers. The quantum mechanism of fine tuning of the 
total energy density in the Universe to the critical value at the early stage of its 
evolution is discovered and the reason of possible small difference between these 
densities during the subsequent expansion is indicated. 

2 Quantum Model 

As is well known (see, e.g., [22]), quantum theory adequately describes properties 
of various physical systems. Its universal validity demands that the Universe as 
a whole must obey quantum laws as well. Since quantum effects are not a priori 
restricted to certain scales ^23j, then one should not conclude in advance, without 
research into the properties of the Universe within the theory more general than 
classical cosmology, that its space-time structure at large scales will be classical 
automatically (the motivation to develop quantum cosmology see in |241 [25l [26] ) . 

The results of the investigations presented in this article are based on quantum 
cosmology at the heart of which lies the method of constraint system quantization 
proposed by Dirac [27] with the addition of the idea of introduction of an additional 
medium or source which determines the reference frame in the Einstein-Hilbert 
Lagrangian [ig [2ll [28l [IS [30] . 
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n = ^{dl--^dl-a' + a'V{cP)] (2) 



As it has been demonstrated in [18\ [19\ [20l [2T] in quantum theory the homoge- 
neous, isotropic and spatiahy flat Universe fihed with the primordial matter in the 
form of a uniform scalar field (j) is described by the time-dependent Schrodinger type 
equation 

idT'^ = n'i>, (1) 

where 

2 V " a2 

is a Hamiltonian-like operator, V{4') is a potential energy density of the field (p. 
Here and below we give all relations between dimensionless quantities. The length 
is taken in units of the modified Planck length Ip = y^2Gh/{3TTc^) = 0.744 x 10^'^^ 
cm, the density is measured in units of pp = 3c^/ (SnGlp) = 1.627 x 10^^'' GeV cm~^, 
and so on. 

The wavefunction ^ depends on a cosmological scale factor a, a scalar field (j) 
and time coordinate T related to the synchronous proper time t by the differential 
equation dt = adT. When deriving Eq. ([T|) from the principle of least action, 
"time" T is introduced in the theory by means of the coordinate condition and 
takes the role of the additional variable which describes the medium that defines 
the reference frame [18^ I21j. In the semi-classical approach this variable describes 
the source of the gravitational field in the form of relativistic matter of an arbitrary 
nature. Equation ([T]) has a particular solution with separable variables 

^ = ei^'^iPE, (3) 

where the function V's is defined in the (a, (p) minisuperspace and satisfies the time- 
independent equation 



dl + -dl + U-E]i;E = 0, (4) 
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while 

U = a^- a^V{(l)) (5) 

can be interpreted as an effective potential. We note that in the limiting case E ^ 
Eq. (21) formally turns into the Wheeler-DeWitt equation for the minisuperspace 
model [31j. 

Since the Hamiltonian-like operator ([2]) contains an isotropic oscillator operator 
with respect to the variable a as a subsystem, it is convenient to choose the inte- 
gration with respect to this variable with a unit weight function. Using Eq. ([1]) and 
taking into account that the operator ([2]) is Hermitian, we obtain the equation which 
describes the evolution of the mean value of some physical quantity represented by 
the operator A in "time" T, 

A.{A) = ^{[A,n]) + {dTA), (6) 
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where [A, TC] = AH — TCA, and the brackets denote the averaging over the state 
^ normahzed in one way or another (see below). Introducing, as usual [32], the 
operator dA/dT, such that 

we arrive at the Hiesenberg-type operator equation 

y = -[A,n] + dTA. (8) 
Setting A = a, from Eq. ([8|) we find 

da ^ 

a^ = -7r„ (9) 

where tTq = —i da is the momentum operator canonically conjugate with a. The op- 
erator equation ([9|) is equivalent to the definition of the momentum iTa = —ada/dt, 
canonically conjugate with the variable a in classical cosmology [2l 1181 [2T]. 

Setting A = TCa, we obtain the equation of the evolution of the momentum 
operator tTq in time t 

a^ = ^frl + a-2a'V{c^), (10) 

where vr^ = —i is the momentum operator canonically conjugate with (j). This 
equation is the quantum analog of the canonical equation which determines the time 
evolution of the momentum tTq in classical cosmology. The momentum of the scalar 
field, as is well known, equals vr,^ = ^ a^d(j)/dt. The quantum analog of this relation 
follows from ^ at A = (j) as well. It has a form 

# 2 . 

Using the relations Q - (jlip , one can obtain the quantum analogs of all equations of 
general relativity for the homogeneous and isotropic Universe filled with the uniform 
scalar field and the relativistic matter. 



3 Choice of Physical States of the Universe 

According to ([4j) the quantum state ipE depends on the form and numerical value of 
the potential energy density of the scalar field V{(j)) . In the range of values of the field 
<j), where the density V{<j)) is the positive-definite function, the effective potential 
[/ dS} as a function of a at the fixed value of (p has the form of a barrier. In this 
case, the Universe described by Eq. ^ can be both in continuum states with E > 
and quasistationary ones which correspond to complex values E = En + iTn, where 
En>0,Tn>0 and r„ <C n = 0, 1, 2, . . . is the number of a state [T8| [T9| [20l [2T] . 
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Quasistationary states are most interesting from the physical viewpoint, since the 
Universe in such states can be described by a set of standard cosmological parameters 
accepted in classical cosmology (details see in At the same time the predictions 

of the quantum model can be compared both with the predictions of the standard 
classical cosmology and the data from astronomical observations. 

It can be demonstrated [21^ [33] that the wavefunction of a quasistationary state 
considered as a function of a at the fixed (f) has a sharp peak and is concentrated 
mainly in the region limited by the barrier U. Then, following Fock [33], one can 
introduce an approximate function tpE which is equal to the exact wavefunction ifjE 
inside the barrier and vanishes outside it. Since the phase of the exact wavefunction 
"ipE outside the barrier with respect to a oscillates with the frequency that tends 
to infinity at a — > oo, and at the same time its amplitude decreases as a~^, in 
the integrals with ipE one can assume that ipE ^ i'E with a good accuracy. Such 
an approximation does not take into account the exponentially small probability of 
tunneling through the barrier U in the region of large values of a, where a^V > 1. It 
is valid for the calculations of the mean observed parameters of the Universe within 
its lifetime in a given quasistationary state, when this state can be considered as a 
stationary one. Here, we have a close analogy with the approximate description of 
quasistationary states in ordinary quantum mechanics (see, e.g., [35]). 

In order to determine the character of motion with respect to the variable (j) we 
shall use the model of a scalar field which slowly (in comparison with the rapid, on 
average, motion with respect to the variable a) rolls from some value (pstart with the 
Planck energy density V^cpstart) ~ 1 to the equilibrium state pyac with the energy 
density p^ac = ViPvac) ^ 1 □• This constant density determines the cosmological 
constant A = 3 p^ac- At the next stage of the evolution, the scalar field oscillates 
with a small amplitude near cp^ac under the action of quantum fluctuations. The 
small oscillations of the field (p near p^ac can be quantized [37] . In such a model the 
motion with respect to p) always will be finite, and the corresponding functions ipE 
will be square-integrable in the (a, p)) minisuperspace. 



4 Equations for Mean Values 

Performing the averaging over the normalized state ([3]), where "pE ~ "Pe, from Eq. 
dlj) we obtain 

In order to reduce this relation to the form which will make it possible to compare it 
with the Einstein- Friedmann equation for the (g) component of classical cosmology, 
we assume that in the classical approximation the wave packet represents the Uni- 
verse with the scale factor adassic being equal to the mean value (a) in the state 



^The analogous model of a scalar field was considered for the first time in connection with the 
infiationary scenario (see, e.g., [2l[36] and references therein). 
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and the change of position of the packet in time in minisuperspace (the expansion 
or contraction of the Universe in accordance with the increasing or decreasing of 
the scale factor) obeys the laws of classical cosmology in the limiting case of zero 
size of the packet. In agreement with this assumption the Hubble constant will be 
determined by the following relation 

(a) dt 

At such a definition the problems, related with a fact that the operators vTa and a 
do not commute between themselves, do not appear. 

Let us extract the contributions from the deviations of a from the mean value 
(a) in an explicit form. To this end we introduce the operators ^ and d^' /dt, such 
that 

, , , da d(a) d^' ^, 
Then the relation p2|) may be reduced to the form 



where we denote 



+ 




(15) 



-1 

X 



+ {V) + 



-1 

X 



(16) 

This equation is an exact expression. It takes into account all quantum corrections 
with respect to the deviation ^. In zero approximation ^ = 0, and the change of the 
mean (a) in time t is determined by the equation 

= (P) - 7^' (17) 
(a) 



where 



(p> = ^(-?> + (V>+(|j. (18) 
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This equation may be considered as the Einstein-Friedmann equation in terms of 
mean values. The quantity (p) gives the mean total energy density in the Universe 
filled with the scalar field and the relativistic matter. 

In accordance with the correspondence principle which establishes an agreement 
between the quantum and classical descriptions of the physical system (see, e.g., 
[22]), in Eq. (fT7|) the mean values should be calculated in the state with large 
quantum numbers. Such a state is described by the wavefunction ip^ with separable 
variables, 

^pEia, (p) = (pnia) fns{(p)- (19) 

(An explicit form of (fn and fns is given in [20^ [2T] for (j)jjac = and in [38] in the 
general case.) Here, the quantum number n describes the number of elementary 
quantum excitations of the vibrations of oscillator which characterizes a variation of 
the metric (their number is equal to = 2n + 1), and s characterizes the number of 
the elementary quantum excitations of vibrations of the scalar field near the equi- 
librium state (pvac- The latter excitations can form an invisible energetic component 
in the total energy density in the Universe |37j . 
The mean density (fTSl) in the state (fTOll equals 

(p)=7^ + /^™c + ^, (20) 

where 7 = 193/12 is a numerical coefficient which appears in the calculation of 
expectation values of the operators of the kinetic and potential parts of the energy 
density of the scalar field in expression (jlSp . M = m{s + 1/2) can be interpreted 
as the amount of matter /energy in the Universe represented in the form of a sum 
of the elementary quantum excitations of vibrations of the field (j) with the masses 
m = ([5|y]^_)i/2. 

5 Quantum Corrections 

Let us calculate the quantum corrections to the classical density (j20p , using the exact 
expression for p from (fTBI) . We assume that d^' /dt <^ d{a)/dt. This corresponds 
to the case, when the deviation ^ depends weakly on the mean value (a) (i.e., the 
corresponding statistical distribution slowly changes in the form during the small 
time intervals). According to Eq. (|15p the quantity p can be considered as the 
energy density which takes into account the quantum corrections. For the states 
(fT9l) it can be reduced to the form 

where we denote 
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The quantities Zi play the role of the "renormalization constants" . They may be 
rewritten in the form of the infinite alternating series 

,„ l(l + l)---(l + a-1) (C^) , , 

z, = i + Yj.-ir ^ — \\ ^ ' p^- (23) 

Here, the mean (^^) = (o^) — (a)^ is the dispersion, and {S,'^) = {{a — (a))'^) at /u > 2 
determines the moment of order fi of probabilistic distribution of a scale factor with 
respect to its mean value (a). For the states with n ^ 1 we find 

(^^> 1 

— = for even numbers of u, 

(^^) = for odd numbers of /i. (24) 
In this case the constants Zi will be given by the asymptotic series 

' h (^'- ' ' * 

where the prime near the summation sign means that the summation is performed 
only with respect to the even numbers of ^u. For the Universe in the states with 
n ^ 1 and s ^ 1 from (I2ip we obtain 



{p)J 



where the quantum correction 
Ap = 



^-l)l6+(--l)- 
Z2 J \Z2 J 12 



M 

+ 



(a) 



takes into account the contributions from the dispersion and all nonzero moments 
(^^) into the dynamics of the Universe. 

In the case, when the contributions from the vacuum and relativistic matter may 
be neglected, 

E , . 

Pvac ~ and -—J ~ 0, (28) 
(a) 

the relative correction to the density (p) is expressed only in terms of the renormal- 
ization constants Zi, 



Table 1: The deviation of 17 from unity depending on the number of terms which 
are taken into account in the sum over /x in Eq. (j25p ; fimax is the largest order of the 
moments (^^) taken into account in the correction (|27p . The cosmological constant 
A was determined according to the type la supernovae data [39] . 



l-^max 






- 1 




- A X 10^^, cm"2 


A = 


A / 





6.63 X 10" 


-■1 


3.47 X 10" 


-•1 


1.11 




2 


1.59 X 10" 


-2 


8.30 X 10" 


-3 


2.78 X 10" 


-1 


4 


5.68 X 10" 


-3 


2.95 X 10" 


-3 


1.00 X 10" 


-1 


6 


2.53 X 10" 


-3 


1.31 X 10" 


-3 


4.48 X 10" 


-2 


8 


1.29 X 10" 


~3 


6.72 X 10" 


-4 


2.29 X 10" 


-2 


10 


7.28 X 10" 


-4 


3.79 X 10" 


-4 


1.29 X 10" 


-2 


12 


4.42 X 10" 


-4 


2.30 X 10" 


-4 


7.84 X 10" 


-3 


14 


2.83 X 10" 


-4 


1.47 X 10" 


-4 


5.03 X 10" 


-3 



In accordance with Eq. (jl5p the density parameter 17 at = 1 is determined by 
the expression 

^ = ^,- (30) 



Then, taking into account (I26p . from (llSp we obtain 



{a?{p) \l + 



Ap 



-1 



(31) 



There exists the constraint equation (a) = M between the geometry and matter 
in the approximation (j28p . This condition is the particular case of a more general 
feedback coupling relation between the geometric and energetic characteristics of 
the Universe 



{a) = M + ^ + 4{afp. 



(32) 



where the second term on the right-hand side describes the energy of a relativistic 
matter, while the third term gives the contribution from the vacuum of the scalar 
field. It follows from the condition on eigenvalues E of Eq. ^ for the states with 
n S> 1 and s S> 1, 



E = 2N- {2NYp^ 



(33) 



where = 2n + 1, and the mean (a) = \JNI2 |26j . This equation must be taken 
into account in the calculations of the expectation values of observed parameters. 

In Table 1 we give the deviation of O from unity for different approximations with 
respect to the constants Z;, which take into account the terms up to the moment 
of order Pmax in the sum over p in ([25]) . For example, Pmax = corresponds to 
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the case Zi = \ and is described by a zero approximation (jl7p . (j20p . The value 
/^max = 2 corresponds to the case, when one term (dispersion) with /x = 2 is taken 
into consideration, [irnax = 4 accounts for two terms (dispersion and fourth moment) 
with \i = 2,4, and so on. The column with A = corresponds to the condition 
([25]), the cosmological constant A 7^ was determined according to the type la 
supernovae data [39] . It is interesting to note that for p^ac = taking the dispersion 
into account leads to the value = 1.016 that is in good agreement with the WMAP 
data. The astrophysical data obtained previously, Q = 1± 0.12 [6j, 17 = 1.02 it 0.06 
[7], = 1.04 ± 0.06 [8], = 0.99 ±0.12 [9], are described by a zero approximation. 

Let us consider the case, when p^ac 7^ 0, but the contribution from the relativistic 
matter will be neglected as before. We determine a single free parameter of the 
theory A from a statistic for the distance modulus of the source as a function of 
the cosmological redshift z = ao/{a) — 1, where oq is the scale factor at the moment 
of observation. We take 156 type la "gold" supernovae as the sources with the 
different z [39j. The results of such analysis with Xdof ~ ^-^"^ given in Table 
1. They demonstrate that the cosmological constant A in this theory is negative in 
all approximations. While one takes into account the contributions from quantum 
corrections of higher and higher orders of p, it diminishes. At the same time the 
scale factor ao grows so that the value Oq A remains almost constant being close to 
the limiting value Og A = —0.692 for pmax 

> 10. 

We note that the idea of occupied levels with negative energy [30] leads to a 
negative energy density as well [31]. Moreover, superstring models of quantum 
gravity which invoke compactified higher spatial dimensions are incompatible with 
the positive cosmological constant of the model with the cold dark matter and prefer 
models with negative or no cosmological constant [5]. 

6 An Asymptotic Limit of the Spatial Geometry 

Since the renormalization constants Zi are described by the asymptotic series (j25p 
which give a finite result in every approximation, then, generally, in the limit which 
takes into account the moments of arbitrarily large but finite orders (^'^), we obtain 
= 1 + e, where e ~ +0. In other words, the quantum model predicts an arbitrarily 
small but finite excess of the density O over unity in the homogeneous and isotropic 
Universe. This agrees with the basic premise (Eq. ([4]) describes the spatially closed 
Universe). As was noted in Introduction, the data of the CMB anisotropy obser- 
vations most likely point out a small enough but systematic excess of the current 
energy density in the Universe over its critical density \10\ [TT] . 

In the limit p ^ 00 (for an infinitely large number of terms of the asymptotic 
series ([25])) we obtain an exact expression, Q = 1. This means that from the 
standpoint of the quantum description the Universe will be spatially flat in the 
epoch, when arbitrarily large, on average, deviations of the scale factor a from the 
mean value (a) are possible. The assumption that the early Universe must obey the 
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quantum laws to a greater extent then the classical ones seems justified. Then from 
general physical reflections it is clear that in the early epoch, when nevertheless the 
state of the Universe may be characterized by the large quantum number n H, such 
deviations are most probable. 

This result agrees completely with the conclusions of general relativity that the 
early Universe must be spatially flat to a higher accuracy, then nowadays! Thus the 
quantum model points out the natural mechanism of fine-tuning of the parameter 
$7 to unity at early stages of the evolution of the Universe, as general relativity 
demands, and the reason for a small possible difference of the energy density from 
the critical value in process of subsequent expansion. 

Acknowledgments 

This work was supported partially by the Program of Fundamental Research "The 
Fundamental Properties of Physical Systems under Extremal Conditions" of the 
Physics and Astronomy Division of the National Academy of Sciences of Ukraine. 



References 

Eidelman S. Phys. Lett. B. 2004. 592. P.l. 

Linde A.D. Elementary Particle Physics and Inflationary Cosmology. Chur: 
Harwood, 1990. 

Dolgov A.D., Zeldovich Ya.B., Sazhin M.V. Cosmology of the Early Universe. 
Moscow: Moscow University, 1988 (in Russian). 
Guth A. Phys. Rev. 1981. D23. P.347. 

Shanks T. Maps of the Cosmos, lAU Symp. 216 ASP Conference Series/ Ed. 
by M. Colless, L. Staveley-Smith 2004 |astro-ph/ 0401409] . 
de Bernardis P. et al. Nature. 2000. 404. P.955. 



Netterfield C.B. et al. Astrophys. J. 2002. 571. P.604 |astro-ph/0 104460| . 
Pryke C. et al. Astrophys. J. 2002. 568. P.46 |astro-ph/0104490|. 

Sievers J.L. et al. Astrophys. J. 2003 591. P.599 |astro-ph/0205387|. 

Spergel D.N. et al. Astrophys. J. Suppl. 2003. 148. P.175 |astro-ph/0302209l. 

Spergel D.N. et al. Astrophys. J. Suppl. 2007. 170. P.337 [astro-ph/0603449j . 

Hinshaw G. et al. Astrophys. J. Suppl. 2003. 148. P.135. 

Bernett G.L. et al. Astrophys. J. Suppl. 2003. 148. P.l. 

Review of Particle Physics. J. Phys. G: Nucl. Part. Phys. 2006. 33. P.l. 

Sunyaev R.A., Zeldovich Ya.B. Astrophys. and Space Sci. 1969. 4. P.301. 

Myers A.D. et al. MNRAS. 2004. 347. P.L4 |astro-ph/0306180|. 

Kogut A. et al. Astrophys. J. Suppl. 2003. 148. P.161. 

Kuzmichev V. V. Ukr. Fiz. Zh. 1998. 43. P.896. 

Kuzmichev V.V. Phys. At. Nucl. 1999. 62. P. 708 |gr-qc/0002029]. 



^Since the motion with respect to the variable a is described by an oscillator, then (a) ~ y'n. 
From this it follows, in particular, that in the state with n ~ 10 the "radius" of the Universe is still 
close to the Planck value (a) ~ 1. 

Estimations within general relativity give the values |n - 1| ~ 10"^° for t ~ lO-*" s, |n - 1| ~ 
10"^° for t ~ 10"^° s, and jfi - 1| ~ 10"^ - 10"^ for the current epoch with t ~ 10^° years [HE]. 



11 



Kuzmichev V.V. Phys. At. Nucl. 1999. 62. P.1524 |gr-qc /0002030|. 
Kuzmichev V.E., Kuzmichev V.V. Eur. Phys.^ J. 2002. C23. P.337 
|astro-ph/0111438|. 

Messiah A. Quantum Mechanics. Vol. 1. Amsterdam: North-Holland, 1961. 
Kiefer K. Lecture Notes in Physics 541: Towards Quantum Gravity. Ed. by J. 
Kowalski-Ghkman. Heidelberg: Springer- Ver lag, 2000 |gr-qc/9906100|. 
Isham C.J. Proc. GR14 Conference. Florence, 1995 |gr-qc/9510063 1. 
Coule D.H. |gr-qc/0412026|. 

Kuzmichev V.V., Kuzmichev V.E. Ukr. J. Phys. 2005. 50. P.1321 
|astro-ph/0510763j. 

Dirac TKA . M. Lectures on Quantum Mechanics. New York: Yeshiva University, 
1964. 

Kuchaf K.V., Torre C.G. Phys. Rev. 1991. D43. P.419. 

Brown J.D., Kuchaf K.V. Phys. Rev. 1995. D51. P.5600. 

Brown J.D., Marolf D. Phys. Rev. 1996. D53. P.1835 |gr-qc/9509026l. 

DeWitt B.S. Phys. Rev. 1967. 160. P.1113; Wheeler J. A. Battelle Rencontres. 

Ed. by C. de Witt, J.A. Wheeler. New York: Benjamin, 1968. 

Landau L.D., Lifshitz E.M. Quantum Mechanics. New York: Pergamon, 1977. 

Kuzmichev V.V. JINA - Virt. J. Nucl. Astrophys. 2004. 2, Issue 26 

|astro-ph/0407013|. 

Fock V.A. Foundation of Quantum Mechanics. Moscow: Nauka, 1976 (in Rus- 
sian) . 

Baz' A.I., Zel'dovich Ya.B., Perelomov A.M. Scattering, Reactions, and De- 
cays in Nonrelativistic Quantum Mechanics. Jerusalem: Israel Program of Sci. 
Transl., 1966. 

Lyth D.H., Riotto A. Phys. Rep. 1999. 314. P.l |hep-ph/9807278l. 
Kuzmichev V.E., Kuzmichev V.V. Trends in Dark Matter Research. Ed. 
by J.V. Blain. Hauppauge: Nova Science Publishers, 2005, Chapter 7 
|astro-ph/0405455|. 

Kuzmichev V.E., Kuzmichev V.V. fastro-ph /0405454 J 



Riess A.G. et al. Astrophys. J. 2004. 607. P.665 |astro-ph/0402512j. 
Dirac P. A.M. The Principles of Quantum Mechanics. Oxford: Clarendon Press, 
1958. 

[41] Zel'dovich Ya.B., Novikov I.D. The Theory of Gravity and Evolution of Stars. 
Moscow: Nauka, 1971 (in Russian). 



12 



